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Diffeomorphism invariance in spherically symmetric loop quantum gravity
Rodolfo Gambini1, Jorge Pullin2
1. Instituto de F´ısica, Facultad de Ciencias, Igua´ 4225, esq. Mataojo, Montevideo, Uruguay.
2. Department of Physics and Astronomy, Louisiana State University, Baton Rouge, LA 70803-4001
We study the issue of the recovery of diffeomorphism invariance in the recently introduced loop
quantum gravity treatment of the exterior Schwarzschild space-time. Although the loop quantization
agrees with the quantization in terms of metric variables in identifying the physical Hilbert space,
we show that diffeomorphism invariance in space-time is recovered with certain limitations due to
the use of holonomic variables in the loop treatment of the model. This resembles behaviors that
are expected in the full theory. Keywords: Quantum gravity, diffeomophisms.
I. INTRODUCTION
Interest in the application of loop quantum grav-
ity technique to model systems has significantly in-
creased in the recent years. Most treatments have dealt
with homogeneous space-times (see the recent reviews
of Ashtekar and Bojowald1). More recently extensions
to the exterior2 and interior3 Schwarzschild space-times
were carried out, and also with some limitations to
Gowdy models4. In all these studies, as is customary
in mini or midi-superspace treatments, gauge fixings are
conducted in order to exploit the simplifications inher-
ent in the symmetries present in the models. On the
other hand, in the full theory, one is interested in dif-
feomorphism invariance. It is therefore of interest to
study in the context of the symmetry reduced models
what happens to any remnants of diffeomorphism invari-
ance that are left after the gauge fixing. In this paper we
would like to discuss the issue of diffeomorphism invari-
ance within the context of the treatment of the exterior
spherically symmetric space-times. We will show that
the remaining diffeomorphism invariance is successfully
recovered in the semi-classical limit of the quantum the-
ory but that there are limitations imposed by the used
of holonomic variables in the quantization. In spite of
this, the quantum theory has the same degrees of free-
dom as if one used metric variables and the solutions of
the semiclassical “polymerized” theory are uniquely de-
termined by the mass, as in ordinary general relativity.
This appears in contrast to treatments of the interior3 of
the Schwarzschild space-time and may shed light on the
treatment of the complete space-time where the issue of
uniqueness is still not settled5.
The organization of this paper is as follows. In the next
section we briefly review the loop quantum gravity treat-
ment of the exterior of the Schwarzschild space-time. In
section III we discuss the issue of diffeomorphism invari-
ance. We end with a discussion.
II. SPHERICALLY SYMMETRIC SPACE-TIMES
IN LOOP QUANTUM GRAVITY
We briefly review here the treatment of the exterior in
loop quantum gravity. More details can be found in our
previous paper2.
One assumes that the topology of the spatial manifold
is of the form Σ = R+ × S2. We will choose a radial
coordinate x and study the theory in the range [0,∞].
We will later assume that there is a horizon at x = 0,
with appropriate boundary conditions as we discuss be-
low. The invariant connection can be written as,
A = Ax(x)Λ3dx+ (A1(x)Λ1 +A2(x)Λ2) dθ (1)
+ ((A1(x)Λ2 −A2(x)Λ1) sin θ + Λ3 cos θ) dϕ,
where Ax, A1 and A2 are real arbitrary functions on R
+,
the ΛI are generators of su(2), for instance ΛI = −iσI/2
where σI are the Pauli matrices or rigid rotations thereof.
The invariant triad takes the form,
E = Ex(x)Λ3 sin θ
∂
∂x
+
(
E1(x)Λ1 + E
2(x)Λ2
)
sin θ
∂
∂θ
+
(
E1(x)Λ2 − E
2(x)Λ1
) ∂
∂ϕ
, (2)
where again, Ex, E1 and E2 are functions on R+.
As discussed in our recent paper2 and originally by Bo-
jowald and Swiderski6, it is best to make several changes
of variables to simplify things and improve asymptotic
behaviors. It is also useful to gauge fix the diffeomor-
phism constraint to simplify the model as much as possi-
ble. It would be too lengthy and not particularly useful
to go through all the steps here. It suffices to notice that
one is left with one pair of canonical variables Eϕ and
Aϕ (in our recent paper
2 called A¯ϕ), and that they are
related to the traditional canonical variables in spherical
symmetry ds2 = Λ2dx2+R2dΩ2 by Λ = Eϕ/(x+ a) and
PΛ = −(x + a)Aϕ/(2γ) where γ is the Immirzi parame-
ter and PΛ is the momentum canonically conjugate to Λ.
The gauge fixing chosen is such that R = (x + a) where
a is, at the moment, a dynamical variable function of
t. We will also choose Aϕ to be independent of t. The
variable x ranges from zero to infinity. At zero we will
impose isolated horizon boundary conditions, i.e. x = 0
will be the horizon, whereas x = ∞ corresponds to i0.
An asymptotic analysis of terms at spatial infinity shows
that a ends up being a constant related to the mass of
the space-time. Again we refer the reader to our recent
paper2 for details.
2In terms of these variables the Hamiltonian constraint
reads,
H = −
Eϕ
(x+ a)γ2
(
A2ϕ(x+ a)
8
)
′
−
Eϕ
2(x+ a)
(3)
+
3(x+ a)
2Eϕ
+ (x+ a)2
(
1
Eϕ
)
′
= 0.
and since the variables are gauge invariant there is no
Gauss law. The Hamiltonian has a non-trivial Poisson
bracket with itself, proportional to a Hamiltonian with
structure functions. This makes the treatment of the
constraint at a quantum level problematic since it has the
usual “problem of dynamics” (see Giesel and Thiemann7
for a good discussion) . To avoid this in a first approach,
it is worthwhile noticing that through a simple rescaling,
the Hamiltonian constraint can be made Abelian, just
multiplying by 2(x+a)Eϕ and grouping terms as
H =
(
(x+ a)3
(Eϕ)2
)′
− 1−
1
4γ2
(
(x+ a)A2ϕ
)′
= 0, (4)
yields and Abelian constraint. Since the constraint is
a total derivative, it can immediately be integrated to
yield,∫
Hdx = C =
(
(x + a)3
(Eϕ)2
)
−x−
1
4γ2
(
(x + a)A2ϕ
)
, (5)
with C a constant of integration. Recalling that at x = 0
the isolated horizon boundary conditions imply 1/Eϕ = 0
and Aϕ = 0 one gets that the constant of integration
C vanishes. This in particular implies that at infinity,
a = 2M , imposing the appropriate boundary conditions
there, Eϕ = x+ 3M , Aϕ = 0.
To promote the constraint to a quantum operator, one
needs to discretize the radial direction and then apply
techniques at each point akin to those of loop quan-
tum cosmology. One wishes to write the discretization
in terms of classical quantities that are straightforward
to represent in the quantum theory. Here one has to make
choices, since there are infinitely many ways of discretiz-
ing a classical expression. In particular, we will notice
that there exists, for this model, a way of discretizing
the constraint in such a way that it remains first class
(more precisely, Abelian) upon discretization. This is
unusual, and we do not expect such a behavior in more
general models.
We now proceed to discretize this expression and to
“polymerize” it, that is, to cast it in terms of quantities
that are easily representable by holonomies,
Hρm =
1
ǫ
[(
(xm + 2M)
3ǫ2
(Eϕm)2
−
(xm−1 + 2M)
3ǫ2
(Eϕm−1)
2
)
− ǫ
−
1
4γ2ρ2
(
(xm + 2M) sin
2 (ρAϕ,m)
−(xm−1 + 2M) sin
2 (ρAϕ,m−1)
)]
, (6)
expression that recovers (4) in the limit ǫ→ 0, ρ→ 0. In
the above expression xm are the positions of the lattice
points and ǫ is the separation of two points in a fidu-
cial metric. Although it is not necessary, for simplicity
we assume ǫ is a constant. The parameter ρ arises in the
“polymerization”, i.e. in replacing Aϕ,m by sin(ρAϕ,j)/ρ.
Whereas the parameter ǫ is introduced just as a calcu-
lational device and can be taken ǫ → 0 in the end, the
parameter ρ is expected in loop quantum gravity to have
a fundamental minimum value related to the quantum of
area. The above expression is immediately Abelian since
it can be written as the difference of two terms, one de-
pendent on the variables at m and the other at m − 1.
Therefore each term has automatically vanishing Poisson
brackets with itself and with the other.
To implement the constraints as quantum operators as
one does in the Dirac procedure, it is convenient to solve
the constraint for the Eϕm,
Eϕm = ±
(xm + 2M)ǫ√
1− 2Mxm+2M +
1
4γ2ρ2 sin
2 (ρAϕ,m)
, (7)
and this relation can be immediately implemented as an
operatorial relation and find the states that satisfy it. It
should be noted that this relation can be implemented for
other gauges as well in a straightforward manner. The
states are given by,
Ψ[Aϕ,m, τ,M ] = C(τ,M) exp
(
±
i
ℓ2Planck
∑
m
f [Aϕ,m]
)
,
(8)
where C(τ,M) is a function of the variables at the bound-
ary τ and M , which has to solve the constraint at the
boundary, as we shall soon see. τ is the proper time
at infinity, that for instance determines the position of
the spatial hypersurfaces of vanishing extrinsic curvature
(usual Schwarzschild slicings). The functional f has the
form,
f [Aϕ,m] =
1
4γ2ρ2
(
1− 2Mxm+2M
) (xm + 2M)ǫ

F

sin(ρAϕ,m), i
4γ2ρ2
(
1− 2Mxm+2M
)

 (9)
+2F

1, i
4γ2ρ2
(
1− 2Mxm+2M
)

 sgn (sin(ρAϕ,m))


with F (φ,m) ≡
∫ φ
0 (1−m
2 sin2 t)−1/2dt the Jacobi Ellip-
tic function of the first kind. Notice that the continuum
limit of this expression for the state is immediate, i.e. the
sum in m becomes an integral.
We now need to impose the constraints on the bound-
ary, in particular pτ = −M (in the limit N →∞). Quan-
tum mechanically pˆτ = −iℓ2Planck∂/∂τ and therefore,
C(τ,M) = C0(M) exp
(
−
iMτ
ℓ2Planck
)
(10)
3and C0(M) is an arbitrary function. This is analogous
to the quantization that Kucharˇ found where one had
wavefunctions that only depended on the mass. We have
therefore completely solved the theory.
III. DIFFEOMORPHISM INVARIANCE OF
THE MODEL
We start by pointing out that the quantization is
straightforward, since the only remaining canonical vari-
ables are M and τ . These variables have no dynamics.
One can immediately introduce an eigenbasis of the mass
operator, labeled by eigenvalues m, Mˆφ(m) = mφ(m)
and the equations of motion at the boundary imply that
the φ(m) do not evolve. This completes the quantization.
Since we have isolated the true degree of freedom of the
model and quantized it, there are no remnants left of the
diffeomorphism invariance of space-time in any manifest
way. To reconstruct diffeomorphism invariance in an ex-
plicit form it is useful to introduce evolving constants8.
For instance, given that the mass of the space-time
can be written as a function of the canonical variables
M =M(Eϕ, Aˆϕ), one can construct an evolving constant
associated with the triad as EϕEvolv = E
ϕ(M,A
(0)
ϕ ) where
Aˆ
(0)
ϕ is a parameter, as given by equation (7). Explicitly,
EϕEvolv = ±
(x+ 2M)√
1− 2Mx+2M +
1
4γ2ρ2 sin
2
(
ρA
(0)
ϕ
) . (11)
The quantity is such that if one chooses A
(0)
ϕ = Aϕ one
recovers the dynamical variable Eϕ. The evolving con-
stant is a Dirac observable of the theory and therefore can
be realized as an operator acting on the physical space
of the theory. Notice that the choice A
(0)
ϕ = 0 corre-
sponds to the ordinary form of the Schwarzschild metric
in Schwarzschild coordinates.
The four dimensional metric of the model can be writ-
ten in terms of EϕEvolv and the parameter A
(0)
ϕ , by deter-
mining the lapse and shift using the gauge fixing condi-
tion and setting to zero the time derivatives of the vari-
ables. Therefore the components of the four dimensional
metric can also be viewed as evolving constants. The
explicit expressions are,
gEvolv00 (M,A
(0)
ϕ ) = −
x2
(EϕEvolv)
2
+
sin2(ρA
(0)
ϕ )
4ρ2γ2
(12)
gEvolv0x (M,A
(0)
ϕ ) =
EϕEvolv sin(ρA
(0)
ϕ )
2ργx
(13)
gEvolvxx (M,A
(0)
ϕ ) =
(EϕEvolv)
2
x2
. (14)
It is worthwhile pointing out that all of the above expres-
sions are readily promoted to quantum operators acting
on the physical Hilbert space simply substituting M by
Mˆ .
The above results hold in the quantum polymerized
theory. It is worthwhile comparing them with the results
in classical general relativity. The expressions for the
components of the metric in traditional general relativity
are,
g00 = −
x2
(Eϕ)2
+
A2ϕ
4γ2
(15)
g0x =
EϕAϕ
2γx
(16)
gxx =
(Eϕ)2
x2
. (17)
It is instructive to substitute the explicit expression of
the triad,
Eϕ = ±
(x+ 2M)√
1− 2Mx+2M +
A2
ϕ
4γ2
(18)
Different choices of gauge correspond to different choices
of Aϕ and these translate themselves in different coordi-
nate choices for the four-metric. The explicit form of the
four dimensional metric therefore is,
g00 = −1 +
2M
x+ 2M
(19)
g0x =
Aϕ
2γ
√
1− 2Mx+2M +
A2
ϕ
4γ2
(20)
gxx =
1
1− 2Mx+2M +
A2
ϕ
4γ2
. (21)
Since spatial diffeomorphisms have been gauge fixed
the only diffeomorphisms left are space-time ones, which
modify the value of gxx and g0x. If one starts in a gauge
where Aϕ = 0 with coordinates t, x, one can go to an
arbitrary gauge Aϕ(x) by choosing x
′ = x and t′ = t −
u(x) with
u(x) =
∫
∞
x
dx
Aϕ(x)
2γx
(
1− 2Mx+2M +
A2
ϕ
4γ2
) . (22)
Let us now compare with the quantum theory. In this
example things are so simple that we could actually talk
about the full quantum theory itself, it would just corre-
spond to replace the mass by a quantum operator in the
following expressions. Since the use of a “polymerized”
classical theory to capture the semiclassical behaviors of
the quantum theory is a technique used in a variety of
contexts, we frame the discussion in it. The expression
for g00 is unchanged. The expressions for g0x and gxx
become,
g00 = −1 +
2M
x+ 2M
(23)
g0x =
sin(ρAϕ)
2ργ
√
1− 2Mx+2M +
sin(ρAϕ)
2
4ρ2γ2
(24)
gxx =
1
1− 2Mx+2M +
sin(ρAϕ)
2
4ρ2γ2
. (25)
4We therefore see that these expressions are particular
cases of the ones we found in the non-polymerized theory,
in the sense that for every choice of Aϕ for the polymer-
ized theory one can find a choice in classical general rela-
tivity that leads to the same metric. The converse, how-
ever, is not true. The gauge transformations of the poly-
merized theory therefore correspond to diffeomorphisms,
just like in classical general relativity. But not all of the
diffeomorphisms available in classical general relativity,
at least for finite values of ρ, appear in the polymerized
theory. It is clear that if one chooses a small value of ρ
as suggested from full loop quantum gravity, where it is
associated with the quantum of area which is related to
Planck’s length, “most” diffeomorphisms will be allowed
in the polymerized theory, but there will be a subset that
is not. The reason for this limitation is that one does not
expect diffeomorphism invariance to allow us to “blow
up” regions that are smaller than Planck size to macro-
scopic sizes. That would imply that somehow we can
probe space-time at sub-Planckian lengths. This does
not appear reasonable. We can see that this is precisely
what happens in this example. Which diffeomorphisms
are being excluded? Comparing (19-21) to (23-25) we
see that when Aϕ is large, this corresponds to gxx → 0
and g0x → 1 in classical general relativity, whereas in
the polymerized theory gxx reaches a minimum value.
Let us recall that we are talking about space-time dif-
feomorphisms here, that is, changes of the space-time
foliation (the radial coordinate is fixed). That means
one is excluding foliations where radial distances become
very small, i.e. foliations of large values of the extrinsic
curvature.
IV. DISCUSSION
The quantization of the exterior Schwarzschild space-
time in loop quantum gravity can be carried out com-
pletely and it isolates the same true degrees of freedom
as the quantization carried out by Kucharˇ in terms of
the traditional variables. One has that the only degree
of freedom is the mass of the space-time. Wavefunctions
are functions of the mass that do not evolve. In spite
of this similarity, if one tries to reconstruct space-time
diffeomorphisms in terms of evolving constants that are
Dirac observables on the physical Hilbert space, one no-
tices effects due to the “polymerization” introduced by
the loop variables. In particular one notes that only a
subset of space-time diffeomorphisms get implemented.
This corresponds physically to the fact that one cannot
probe distances of sub-Planckian nature. This provides
a simple example in a controlled situation of behaviors
that are widely believed to hold in the full theory.
It should be noted that in this paper we have taken
the parameter ρ in the polymerized theory to be a con-
stant. Current treatments in cosmology suggest that an
improved dynamics may be achieved with ρ that depends
on the dynamical variables9. The details of the conclu-
sions about the permissible diffeomorphisms will change
if one makes such a choice, though we expect the generic
features to remain the same.
The issue of how diffeomorphisms get implemented
in the polymerized theory becomes quite relevant when
one considers the full Kruskal-like extension of the
Schwarzschild space-time5. There, at the moment, there
exists knowledge of a family of solutions. It is not clear if
this family is unique or even if different members of the
family correspond to different space-times. This raises
the issue of the existence of a Birkhoff theorem in loop
quantum gravity. In the exterior case we have shown
that the only quantum solutions can be superpositions
of space-times with different mass, in spite of the fact
that one does not implement in the semi-classical theory
all the diffeomorphisms present in the classical theory.
In the interior case it is known that the solutions of the
“polymerized” semi-classical theory may depend on an
extra parameter in addition to the mass. The question
is still open if an analysis of diffeomorphism symmetry
like we carried out in this paper can yield a Birkhoff-like
theorem in the case of the complete space-time.
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